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$F_{4}=\{0,1, \omega,\omega^{2}\}$ 4 $\omega^{2}=\omega+1$
F4 $n$ , $k$ code $F_{4}^{n}$ $k$
$C$ dual code $C^{\perp}$ $\{x\in F_{4}^{n}| x y=0(\forall y\in C)\}$
$x=(x_{1}, \ldots, x_{n}),$ $y=(y_{1}, \ldots, y_{n})\in$ $x \cdot y=\sum_{i=1}^{n}$ xiyi 2
$C=C^{\perp}(C\subset C^{\perp})$ $C$ self-dual (self-orthogonal)
$x=(x_{1}, \ldots, x_{n})\in$ weight wt $(x)$ $|\{i|x_{i}\neq 0\}|$ $C$ minimum
weight $\min\{wt(x)|0\neq x\in C\}$ $d(C)$ $0$
code (self-dual) code
( ) code
2 Extremal self-dual code self-dual code
2.1 Extremal self-dual code
$F_{4}$ self-dual code $C$ weight enumerator minimum
weight $n$ code $C$
weight enumerator $\mathbb{C}$ 2 $W_{C}(x, y)= \sum_{c\in C}x^{n-wt(c)}y^{wt(c)}$
$C$ $n$ self-dual codel
$W_{C}(x, y)=W_{C}( \frac{x+3y}{2},$ $\frac{x-y}{2}))W_{C}(x, y)=W_{C}(x, -y)$
1 $n/2$
1752 2011 22-26 22
MacWilliams wt $(c)\in 2\mathbb{Z}(\forall c\in$
$C)$ 2
$\frac{1}{2}(\begin{array}{l}311-1\end{array})\circ W_{C}(x, y)=W_{C}(x, y),$ $(\begin{array}{ll}1 00-1 \end{array})oW_{C}(x, y)=W_{C}(x, y)$ ,
$A=(\begin{array}{ll}a bc d\end{array})$ $f(x, y)$ $Aof(x, y)=$
$f(ax+by, cx+dy)$ 2
$G= \langle\frac{1}{2}(\begin{array}{ll}1 31-1 \end{array}),$ $(\begin{array}{l}010-1\end{array})\rangle(\subset GL(2,\mathbb{C}))$
$W_{C}(x, y)$ $G$
$\mathbb{C}[x, y]^{G}=\{f(x, y)\in \mathbb{C}[x, y]| A of(x, y)=f(x, y)(\forall A\in G)\}$
$W_{C}(x, y)\in \mathbb{C}[x, y]^{G}=\mathbb{C}[x^{2}+3y^{2}, y^{2}(x^{2}-y^{2})^{2}]$
(MacWilliams-Mallows-Sloane [8]). F4 self-dual code
$n$
(1) $d(C) \leq 2\lfloor\frac{n}{6}\rfloor+2$
(MacWilliams-Odlyzko-Sloane-Ward [9]).
minimum weight




extremal self-dual code ([7], [9], [10] ).
extremal self-dual code 32
2.2 Self-dual code
extremal F4 self-dual code
2 F4 self-dual code $C,$ $C’$ $C’=CM(=\{cM|c\in C\})$




$C=CM$ monomial matrix $M$ $C$
Aut$(C)$
$n$ self-dual code
mass formula $n$ self-dual
code $C_{n}$
(2) $\prod_{i=0}^{n/2-1}(2^{2i+1}+1)=\sum_{C\in C_{n}}\frac{n!3^{n}}{\#Aut(C)}$
(MacWilliams-Mallows-Sloane [8]). $\frac{n!3^{n}}{\#Aut(C)}$ $C$ self-dual





16 [3] [9] ( 18 20
extremal self-dual code [6] ). [3] [9]
1970 self-dual code
18 20 self-dual code 22
extremal self-dual code ( [4] [5]
).
Proposition 1 (Harada-Lam-Munemasa-Tonchev [4], Harada-Munemasa [5]).
18 245 self-dual code 20 3427
self-dual code 22 723 extremal
self-dual code
1: Self-dual code
1 self-dual code $\#(n)$ $n$ self-dual
code $\#_{E}(n)$ $n$ extremal self-dual code
24
3 $F_{4}$ additive code quantum code
F4 self-dual code
[4] [5] 18 20 self-dual code 22
extremal self-dual code quantum code
quantum code
code $F_{4}^{n}$ $k$ additive
code code additive
linear code F4 additive $(n, 2^{k})$ code $C$
$\# C=2^{k}$ $F_{4}^{n}$ $C$ trace dual code $c*$
$\{x\in F_{4}^{n}|x*y=0(\forall y\in C)\}$ $x*y=$ Tr $(x\cdot y)(x, y\in F_{4}^{n})$
trace inner product $C=C^{*}(C\subset C^{*})$ $C$ trace
self-dual (trace self-orthogonal)
$C$ linear code $C$ self-orthogonal $C$ trace self-
orthogonal
linear code self-dual (self-orthogonal) additive code trace
self-dual (self-orthogonal)
$F_{4}$ additive trace self-orthogonal code
4.
Theorem 2 (Calderbank-Rains-Shor-Sloane [2]). $C$ F4 additive trace
self-orthogonal $(n, 2^{n-k})$ code $(1\leq k)$ . $c*\backslash C$ minimum weight $d$
5, $C$ quantum (stabilizer) $[[n, k, d]]$ code minimum weight $d$
additive trace self-dual $(n, 2^{n})$ code quantum (stabilizer) $[[n, 0, d]]$ code
quantum code (
). quantum $[[n, k, d]]$ code
$n$ $k$ $d$ $(d_{\max}(n,$ $k)$ $)$
http: $//www$ . codetabIes. de/
$k\leq n\leq 128$ $d_{m}$ $x(n, k)$
6 $(n, k)=(13,5)$ $d_{\max}(13,5)=3$
[1]
$(n, k)=(l4,3)$ $d_{\max}(14,3)$ 4 5
4 [2]
$5C^{*}\backslash C$ weight $d$ vector weight $<d$ vector
6
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$d$ quantum $[[n, k, d]]$ code Theorem 2
F4 linear self-dual (self-orthogonal) code
( ) additive code
quantum $[[n, k, d]]$ code
quantum code quantum
code
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